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Basic information:

Latest updates

Webpage created, September 2010

This Conference will celebrate the 60th anniversary of the Hanoi National

Information about Visa added in December 6,
2010 (go to Practical Infomation above)

University of Education. The main topics for the conference are Geometry,
Topology and Dynamical systems with a special emphasis on their

symplectic aspects..

The conference will start on Monday 18th and will finish on Friday 22nd.
There is an excursion to Halong-Bay envisaged for the weekend 23-24. We

also plan to have Wednesday's afternoon free.

Venue

The conference will take place at Hanoi National University of Education.

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/[14/7/16 20:36:15]
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Geometrical methods in Dynamics and Topology

Lake Hoan Kiem

Our poster:

Download our poster here.

Contact

For any queries concerning scientifical or practical aspects of the conference
please contact any of the organizers. For comments concerning this
webpage, contact Eva Miranda. If you want to register for this conference
please send the following information to Eva Miranda (this conference is
partially supported by the ESF and this information will be included in a list

for the ESF):

Name:
Gender:
Nationality:
Affiliation:

Affiliation's address:
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There will be minicourses by:

Alain Chenciner (Observatoire de Paris-IMCCE): "The Lagrange reduction of

the N-body problem"
Extra conference by Alain Chenciner on: "The angular momentum of a relative
equilibrium

in dimensions higher than 3" abstract

Nguyen Tien Zung (Toulouse)  "Entropy in Physics and Mathematics"

List of speakers:

Marta Batoreo (UC Santa Cruz)

Marc Chaperon (Paris VII)

)Alain Chenciner (IMCEE)

Jesus Gonzalo (Madrid)

Basak Gurel (Vanderbilt)

Mark Hamilton ( Mount Allison)

anko Latschev (Hamburg University)

Do Ngoc Diep (Hanoi)

Ricardo Perez Marco (Paris Xlll)

Miguel Rodriguez-Olmos (Universitat Politecnica

de Catalunya)

Dietmar Salamon (ETH-Zurich)

Romero Solha (Univesitat Politecnica de

ICatalunya)

Sheila Sandon (Nantes)

Michael Usher (University of Georgia)

Le Anh Vu (Hanoi)

Le Van Hong (Praha)

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/speakers.htm[14/7/16 20:36:17]



http://hnue.edu.vn/Default.aspx?alias=hnue.edu.vn/eng
http://hnue.edu.vn/Default.aspx?alias=hnue.edu.vn/eng
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Skinny houses in Hanoi

Vu The Khoi (Hanoi)

Dmitri Zaitsev (Trinity College)
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The 3 main local sponsors for our conference are:

- Hanoi National University of Education
- Vietnam National Science Foundation (NAFOSTED)-
- Hanoi Institute of Mathematics

The conference is also partially supported by:

- The European Science Foundation via CAST (Contact and Symplectic

Topology)

Quy phat trién khoa hoc

HANOI NATIONAL UNIVERSITY OF EDUCATION & cong nghé& qudc gia

Vietnam Academy of Science and Technology

INSTITUTE of MATHEMATICS

SETTING SCIENGE AGENDAS FOR EUROPE

o @

The conference will take place at Hanoi National University of Education

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/funding.htm[14/7/16 20:36:28]

Tran Quoc Pagoda
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Organizers:

Viktor Ginzburg
Eva Miranda

Do Duc Thai

Nguyen Tien Zung

Kaleidoscopic vision of Skinny houses in

Hanoi
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Programme:

Schedule:

(Opening) | Zung Chenciner Zung
Chenciner

Colour's code: In orange: Minicourses (1 hour 30 minutes)
In Turquoise-blue: 1-hour talks
Note: There will be a Banquet of Thursday's night.
On Friday talks will start at 10.00 am.
http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]
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Minicourses:

Alain Chenciner (Observatoire de Paris-IMCCE): "The Lagrange reduction of the N-body problem"

Nguyen Tien Zung (Toulouse) "Entropy in Physics and Mathematics"

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]



Speakers
structures, which generalizes the notion of geometric entropy of folations introduced
by Ghys--Langevin--Walczak.

Lecturers:

Marta Batoreo (UC Santa Cruz):"On the Rigidity of the Maslov Index for Coisotropic Submanifolds of

Rational Symplectic Manifolds"

Marc Chaperon (Paris VII)" Generalized Hopf bifurcations”

Alain Chenciner (Observatoire de Paris-IMCCE): "The angular momentum of a relative equilibrium in dimensions higher than 3" abstract

Jesus Gonzalo (Madrid), "Flow dynamics and the existence of contact circles"

Basak Gurel (Vanderbilt) "Conley conjecture for negative monotone symplectic manifolds"

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]
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Speakers
Mark Hamilton ( Mount Allison), "Real and Kahler quantization of flag manifolds.”

Janko Latschev (Hamburg University) "Algebraic torsion in contact manifolds

Do Ngoc Diep (Institute of Mathematics, VAST ) "Geometric Quantization of Fields Based on Geometric Langlands

Correspondence”

Ricardo Perez Marco (Paris XIIl)" Total integrability or general non-integrability in Hamiltonian Dynamics"

Miguel Rodriguez-Olmos (Universitat Politecnica de Catalunya) "Symmetric Hamiltonian bifurcations and isotropy"

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]
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Dietmar Salamon (ETH-Zurich): "Uniq ss of symplectic structures.”

Sheila Sandon (Nantes) "On existence of translated points for contactomorphisms"

Romero Solha (Univesitat Politecnica de Catalunya) "Foliated cohomology and geometric quantisation of integrable systems with singularities"

Michael Usher (University of Georgia) "Aperiodic symplectic manifolds"

Le Anh Vu (Hanoi): " The Structure of Coadjoint Orbits (K-orbits) of a Class of Real Solvable Lie Groups"

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]
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Le Van Hong (Praha) "Smooth structures on stratified symplectic spaces"slides here

Vu The Khoi, "ON THE BURNS-EPSTEIN INVARIANTS OF SPHERICAL CR 3-MANIFOLDS"

Dmitri Zaitsev (Trinity College) "Dynamics of one-resonant biholomorphisms"

Template design by Six Shooter Media.

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/programme.htm[14/7/16 20:36:32]


http://www.sixshootermedia.com/

organizers

Geometrical methods in Dynamics and Topology

Hanoi, April 18-22, 2011

Funding Organizers

Pictures

Venue Speakers Programme Practical information

Proceedings

This page includes information about

. VISA

. HOTEL

. SOCIAL PROGRAMME
. PLANE TICKETS

VISA..

You'll need a visa to enter Vietnam. Since you will
attend a conference in Vietham, the Vietnamese side
will issue a kind of "official" visa for you. (Of course,
you may also "do it yourself" and ask for a tourist

visa at a Vietnamese Consulate if you wish).

Do Duc Thai (Prof. at Hanoi National University of
Education) will take care of this visa problem for the
conference. He will send a request to the Interior
Ministry of Vietnam, with the list of foreign
participants of the conference. The Interior Ministry
will then issue an approval letter for each participant,
that

Consulate (where you want to pick up your visa),

send letter by fax to the corresponding

asking the Consulate to issue a visa for you. Each
letter has a reference number. We will inform you of

the reference number. Then you can go to the

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/practical.htm[14/7/16 20:36:39]

PLANE TICKETS: Due to an significant increase of
the number of tourists in Vietham, it may be

very difficult to reserve plane tickets for the dates
that you wish at reasonable

prices. So please think about reserving your tickets
as soon as possible !

Our latest information is that the prices have
increased from last year, and it now costs about
1200 Euros for a round trip Paris-Hanoi ou Saigon
(taxes included) with Vietnam Airlines, and a bit
higher with Air France. There are other options, e.g.
with Singapour Airlines, Thai Airlines, Lufthansa,
Japan Airlines, American Airlines (for the US), etc.
Hint: Don't trust online travel agencies for tickets to
Vietnam, because

those online portals don't show "negotiated prices"
and show only more expensive

prices in general. Instead, call a "brick and mortar"
agency and ask for best prices.

In France, you may try these 2 agencies which are
specialized in trips to Asia:

* Hit Voyages, 21 Rue des Bernardins - 75005 PARIS
Tel.: 01 43541717 -Fax:0143252216

* Ariane Tours, 5 square Dunois 75013 PARIS
Tel: 01 45 86 88 66 - Fax: 01 45 82 21 54 .


http://hnue.edu.vn/Default.aspx?alias=hnue.edu.vn/eng
http://hnue.edu.vn/Default.aspx?alias=hnue.edu.vn/eng

organizers

Consulate or send your passport there, together with
the reference number, and they'll issue the visa for
you.

Please send to Do Duc Thai (ducthai.do@gmail.com)

as soon as possible (we would really appreciate if

you could do it before February 10th!) the
following information:

. Your surname and given names
Date and place of birth
Nationality

Professional address

S e

Home address

7. Passport: number, date of issue, date of expiry,
the issuing authority

8. At which Viethamese Embassy will you pick up
your visa ?

(all the above fields are mandatory)

9. Scanned file of main pages of your passport

If you have any accompanying person, then we'll
need the same information concerning him/her too.

(Please note that the Vietnamese Interior Ministry
takes at least 1 month in order to issue the letter, so
we need to send them the request before February
15th in order to ensure that everything goes
smoothly)

If you have any question/problem, please don't
hesitate to contact Do Duc Thai for this.
Thank you very much!

Some addresses:
EMBASSY OF VIETNAM IN PARIS, FRANCE
Address: 62-66 Rue Boileau, 75016 Paris, FRANCE

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/practical.htm[14/7/16 20:36:39]
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Telephone: (331) 4414 6400 Fax: (331) 4524 3948

Embassy of Vietnam in Madrid (the only one in
Spain)EMBAJADA DE VIETNAM EN ESPANA

C/ Segre 5

28002 MADRID - ESPANA

Tel : 0034 91 5102867 Fax : 0034 91 4157067

P/S: If you need an official invitation letter for Hanoi
Geometry Conference, please just let us know, and
the Hanoi National University of Education (the
organizing institution for the conference) will send
you one promptly.

HOTEL

By default, we will reserve rooms at the following
hotel for most

participants: Army Hotel, 33 C Pham Ngu Lao Street,
Hanoi, Vietham

http://www.vietnamstay.com/hotel/army/
http://www.tripadvisor.com/Hotel_Review-g293924-
d454987-Reviews-Army_Hotel-Hanoi.html

This hotel is situated in a quiet street in the center
of Hanoi (walking distance from many points of
interest). It has a swimming pool (free access). The
negotiated price is about $60/day/single room
including breakfast.

If you prefer to reserve a hotel by yourself, please
send an email to Do Duc Thai to let him know that,
so that or local organizers will not reserve a hotel for
you !

If you need a double room or a suite (for a family),
or want to share a double room with another

participant, please also let us know!

Since the University is not in the center of Hanoi, we

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/practical.htm[14/7/16 20:36:39]
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will request a special university bus to take the
participants from the hotel to the university and back
every conference day.

If you prefer to look for a hotel by yourself, here are
some possible places to start:

e http://www.hanoihotel.net/home/

e  http://www.tripadvisor.co.uk/Hotels-g293924-Hanoi-
Hotels.html

e  http://www.vietnamstay.com/hotel/hanoi.htm

(Prices vary from under $20 to above $100 per night)

SOCIAL PROGRAM includes:

e A conference banquet (on Thursday).

e Excursion of Hanoi: Wednesday 20/Apr
afternoon 14h-19h (visit of the Temple of
Literature, "But Thap" Pagoda, etc.).

e 2-day excursion to Halong Bay:

Excursion to HaLong Bay

Halong Bay is a marvellous place in the World. The Halong Bay is also
an UNESCO heritage.
We hope the participants of our Conference will enjoy this excursion.

Here is the detailed plan of our excursion:

1. Saturday 23 rd:

+) We will leave the Army Hotel for Halong Bay at 9am.

+) Lunch in HaiDuong around 11:30am.

+) From 2pm to 4pm: Visit KIEP BAC and CON SON temples.
+) Arrive at the Halong Pearl Hotel around 6pm.

(This is a four stars Hotel, see Website: www.halongpearl.vn)
+ Dinner: at the same Hotel.

+ Evening: Free for visiting Halong City.

2. Sunday 24th:

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/practical.htm[14/7/16 20:36:39]
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+) Breakfast: 7am at the same Hotel. After that check-out.

+) 7:30am leaving the Hotel for visiting to the Halong Bay.

+) Lunch on the boat

+) We will leave Halong Bay for the Noi Bai International Airport,
after that come back to the Army Hotel (We will arrive at the Noi Bai

Airport around 4pm).

Total price: 100USD + 10 USD (for tax) = 110 USD

Template design by Six Shooter Media.
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In this link you will find some pictures of the conference:

http://www.pagines.mal.upc.edu/~miranda/hanoi/conference/pictures.htm[14/7/16 20:36:43]
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The proceedings of the conference will be published at Acta

Mathematica Vietnamica:
http://www.math.ac.vn/publications/acta/

You can either submit an original article or a survey article about the
subject.

Deadline: 31, December 2011.

Template design by Six Shooter Media.
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GEDYTO: Geometrical Methods in Dynamics and Topology

Hanoi National University of Education, Hanoi (Vietnam)
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Marta Batoreo (UC Santa Cruz)
Marc Chaperon (Paris VII)
Alain Chenciner (IMCEE)
Jesus Gonzalo (Madrid)
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The angular momentum of a relative equilibrium
in dimensions higher than 3

A. Chenciner

Abstract. In an euclidean space of (necessarily) even dimension 2p, the relative
equilibrium motions of a central (or balanced) n-body configuration are in one-
to-one correspondence with complex structures. As soon as p is greater than
1, there are many of them. The angular momentum of such a motion may be
identified with a 2p x 2p anntisymmetric matrix and its spectrum is of the form
+ivq,- -+, Fiv,. One asks for the determination of the subset of R? formed
by the ordered p-tuples vy > vo > -+ > v, which are associated in this way
to a given central configuration. The answer we obtain for p = 2 leads to a
conjecture which links this problem to the so-called Horn problem which studies
the spectrum of a sum of two hermitian (or real symmetric) matrices whose
spectra are given.

Ref. http://arxiv.org/abs/1102.0025



Smooth structures on stratified symplectic
spaces

Hong Véan Lé
Mathematical Institute of ASCR, Praha

GEDYTO, Hanoi, April 18-22, 2011

Hong Van Lé Smooth structures on stratified symplectic spaces



Outline

e Stratified spaces and their smooth structures
@ Stratified spaces
@ Smooth structures on stratified spaces
@ Structures theorems
e Compatible smooth structures on symplectic stratified
spaces
@ Symplectic stratified spaces
@ Compatible smooth structures
e Properties of compatible smooth structures on stratified
symplectic spaces
@ Brylinski-Poisson homology
@ Existence of Hamiltonian flow
@ Leftschetz decomposition

Q End
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Smooth structures on stratified spaces
Structures theorems

Outline

e Stratified spaces and their smooth structures
@ Stratified spaces
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Stratified d thei th structs .
ratified spaces and their smooth structures S S

Smooth structures on stratified spaces
Structures theorems

Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

@ A S-decomposition of X is

X = UiesS;,

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

@ A S-decomposition of X is
X = UiesSi,

where X; are locally closed smooth manifolds
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Smooth structures on stratified spaces
Structures theorems

Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

@ A S-decomposition of X is
X = UiesSi,

where X; are locally closed smooth manifolds
@ such that

SiNS#0+S;CSj«<=i<].

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

Hong Van Lé Smooth tures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.
A decomposed space X is called a stratified space if for any x
in a stratum S

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.
A decomposed space X is called a stratified space if for any x

in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S,

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition

depthy S := sup{n| there exist pieces S = S° < S < ... < 3"}

depth X := supdepth S;.
ies

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition

depthy S := sup{n| there exist pieces S = S° < S < ... < 3"}
depth X := supdepth S;.
ies
X' is assumed to be connected.

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M, : M U cLj.
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M2 M U| CL|

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.|.c.s..

Hong Van Lé Smooth structures on stratified symplectic spaces
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M, : M U cL.

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.i.c.s..
Qm = cL, where L =V, 1 = SO(m +1)/SO(m — 1).
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Smooth structures on stratified spaces
Structures theorems

Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M2 M U| CL|

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.i.c.s..
Qm = cL, where L =V, 1 = SO(m +1)/SO(m — 1).

@ Any smooth manifold with k marked points is a
pseudomanifold w.i.c.s.
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Smooth structures on stratified spaces
Structures theorems

Outline

e Stratified spaces and their smooth structures

@ Smooth structures on stratified spaces
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.

2. COO(M)‘Mreg C COO(Mreg).
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.

2. COO(M)‘Mreg C COO(Mreg).

3.J.(C(M™9)) C C=(M).
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C*°(cL(1)) is a smooth structure on cL(1).
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:
- C(X)js € C*(S) for each stratum S C X.
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Stratified spaces
Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:

- C(X)js € C*(S) for each stratum S C X.
- j(CE (X)) € C(X).

Hong Van Lé Smooth structures on stratified symplectic spaces



Stratified spaces and their smooth structures . _
Stratified spaces

Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

C°(X) satisfies the following properties:
- C(X)js € C*(S) for each stratum S C X.
-j.(C(X"9)) € C(X).

- If f € C*°(X) is nowhere vanishing, then 1/f € C>(X).
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Structures theorems

Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X'9,
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X"9.Then a smooth structure on X is a g.d. C*-ring with
1. COO(X)|Xreg C COO(Xreg).

2. jx(Cg(X™9)) C C>®(X).
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Smooth structures on stratified spaces
Structures theorems

Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X"9.Then a smooth structure on X is a g.d. C*-ring with
1. COO(X)|Xreg C COO(Xreg).

2. jx(Cg(X™9)) C C>®(X).

Definition

A smooth structure on a stratified space X is a choice of a g.d.
C®°-ring C*°(X) c CY(X) with

1. j(Cg°(X"9)) € C=(X).

2. ¥x € X there exists ¢x : U(X) — By x cL(1) which is a local
diffeomorphism of stratified spaces.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t. i(X) is locally closed.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C®(M)S.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).

@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X —R"s.t i(X)islocally closed.C>*(X) :=i*(C>(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration. Then C>(X) := {f € CO(N)|7*f € C>°(M)}is a
smooth structure.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration. Then C>(X) := {f € CO(N)|7*f € C>°(M)}is a
smooth structure.

@ Every pseudomanifold X with edges has a resolvable
smooth structure, which is locally smoothly contractible.
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Smooth structures on stratified spaces
Structures theorems

Outline

e Stratified spaces and their smooth structures

@ Structures theorems
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Smooth structures on stratified spaces
Structures theorems

Two structure theorems

For any locally finite open covering {U;} of M there exists a
smooth partition of unity subordinate to U; (i.e. there are
nonnegative smooth functions f; € C°°(X) with support in U;

satisfying > fi = 1).
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Smooth structures on stratified spaces
Structures theorems

Two structure theorems

Lemma

For any locally finite open covering {U;} of M there exists a
smooth partition of unity subordinate to U; (i.e. there are
nonnegative smooth functions f; € C°°(X) with support in U;

satisfying > fi = 1).

Lemma

Any resolvable smooth structure on X obtained from a smooth
manifold M is not finitely generated , if there exists x € X such
that dim7—%(x) > 1, where 7 : M — X is the associated
projection.
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Smooth structures on stratified spaces
Structures theorems

Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
TH(X) := my/m2.
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
TH(X) :=my/m2.

@ Using

0—>mx—>C§(’°i>R—>O
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) := my/m2.
@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
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Smooth structures on stratified spaces
Structures theorems

Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) := my/m2.

@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
d(fe) = (fx = (f(x)) + mZ.
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Smooth structures on stratified spaces
Structures theorems

Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) = my/m2.

@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
d(fe) = (fx = (f(x)) + mZ.

@ We call Q}(X) := C(X) ®r my/m2 the germs of 1-forms
at x.
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Smooth structures on stratified spaces
Structures theorems

Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.
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Smooth structures on stratified spaces
Structures theorems

Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.

Note that the K&hler derivation d : C°(X) := Q2(X) — QL (X)
extends to the unique derivation d : QX(X) — QK+1(X)
satisfying the Leibniz property.
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Smooth structures on stratified spaces
Structures theorems

Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.

Note that the K&hler derivation d : C°(X) := Q2(X) — QL (X)
extends to the unique derivation d : QX(X) — QK+1(X)
satisfying the Leibniz property. Namely we set

df ®1) =1®df,
df@arg®p)=dfoa)Ag@f+(-1)*® @ aAd(g®f).
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(X) =, fiodfi, A -+~ dfi for some fi .- i € C>(X).

io?‘
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(X) =, fiodfi, A -+~ dfi for some fi .- i € C>(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Zioil'"ik f|o ® dfll VANEEIVA dflk € Q)IE(X).
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).
@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).

@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).

@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).

@ Leti*(Q(X)) be the restriction of Q(X) to X"9.
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).
@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).
@ Leti*(Q(X)) be the restriction of Q(X) to X"9.Then
keri* : Q(X) — Q(X"9) = 0.
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Outline

e Compatible smooth structures on symplectic stratified
spaces
@ Symplectic stratified spaces
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form w;.
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form wj. The collection {w;} is
called a stratified symplectic form or simply a symplectic
form.

@ Examples . - S2 x S2 = D*uD? UD? U {pt}.
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form wj. The collection {w;} is
called a stratified symplectic form or simply a symplectic
form.

@ Examples . - S? x S2 = D*UD? U D? U {pt}.

- Any contact 3-manifold (M3, «) is a concave boundary of
some symplectic manifold (M4, w). Attaching a symplectic
cone cM3(1)

o([z,1]) = %tzda(z) + tdt A a(2),
to (M4, w) we get a conical symplectic pseudomanifold.
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Outline

e Compatible smooth structures on symplectic stratified
spaces

@ Compatible smooth structures
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.

1. A smooth structure C*°(X) is said to be weakly symplectic, if
there is a smooth 2-form & € Q?(X) such that the restriction of
Q to each stratum S; coincides with wj. In this case we also say
that w is compatible with C>°(X), and C>°(X) is compatible with
Ww.
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.

1. A smooth structure C*°(X) is said to be weakly symplectic, if
there is a smooth 2-form & € Q?(X) such that the restriction of
Q to each stratum S; coincides with wj. In this case we also say
that w is compatible with C>°(X), and C>°(X) is compatible with
Ww.

2. A smooth structure C>°(X) is called Poisson, if there is a
Poisson structure {, },, on C>°(X) such that

({f.9}u)is; = {fisi» 9is, Jw; for any stratum S; C X.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M. C>(Mg)can := C=(M)¢/IC, where
IS is the ideal of G-invariant functions vanishing on Z.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M. C*®(Mg)can := C>(M)€/I¢, where
IS is the ideal of G-invariant functions vanishing on Z.

C°(Mp)can is a weakly symplectic and Poisson smooth
structure. Moreover it is locally smoothly contractible.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs7 Xn] = O
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in

Z4(xs). Then G(x) is a stratified symplectic space of depth 1.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.

- G(x) possesses an algebraic resolution of the singularity at

(Xs,0) € G(x) C g.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.

- G(x) possesses an algebraic resolution of the singularity at

(Xs,0) € G(x) C g. If xs = 0 the resolvable smooth structure is
weakly symplectic and Poisson.
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Outline

e Properties of compatible smooth structures on stratified
symplectic spaces
@ Brylinski-Poisson homology
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Symplectic homology

Assume that C>°(M) is Poisson.

o — O+l KR Q"(M) — ...
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Symplectic homology

Assume that C>°(M) is Poisson.
o — Q" % on(M) — ...
® 3(fodfy A+ difn) == S (—1)+2{fo, fi fudfy A -AdfiA- - Ady
+ Y 1cicjen fod {fi, fitw AdfL A AdR A Adf A AdE,.
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Symplectic homology

Assume that C>°(M) is Poisson.
o — Q" % on(M) — ...
® 3(fodfy A+ difn) == S (—1)+2{fo, fi fudfy A -AdfiA- - Ady
+ Y cicien fod {fi Yo Adfs Ao Ad A= A A--- A dEy.
@ 52=0.
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Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w.
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Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w. Then the symplectic homology of the
complex (2(X), d) is isomorphic to the deRahm cohomology
with inverse grading : He (Q(X),8) = H™%(Q,d).
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Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w. Then the symplectic homology of the
complex (2(X), d) is isomorphic to the deRahm cohomology
with inverse grading : Hx (2(X),§) = H™K(Q,d). It is equal to
the singular conomology H™ (X, R), if the smooth structure is
locally contractible.

Hong Van Lé Smooth structures on stratified symplectic spaces



Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Outline

e Properties of compatible smooth structures on stratified
symplectic spaces

@ Existence of Hamiltonian flow
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Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.
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Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.
Lemma

For any H € C>°(X) the associated Hamiltonian vector field Xy
defined on X by setting

Xu(f) :={H,f}, forany f € C>(X)

is a smooth Zariski vector field on X.
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Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.

Lemma

For any H € C>°(X) the associated Hamiltonian vector field Xy
defined on X by setting

Xu(f) :={H,f}, forany f € C>(X)

is a smooth Zariski vector field on X.If x is a point in a stratum
S, then Xy (x) € T«S.
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Existence of Hamiltonian flow Il

Theorem

Given a Hamiltonian function H € C*°(X) and a point x € X
there exists a uniqgue smooth curve ~ : (—¢,¢) — X such that
forany f € C>°(X) we have

d
SH0O(0) = {H, 1},

The decomposition of X into strata of equal dimension can be
defined by the Poisson algebra of smooth functions.
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Outline

e Properties of compatible smooth structures on stratified
symplectic spaces

@ Leftschetz decomposition
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P p ymp Leftschetz decomposition

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.
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P p ymp Leftschetz decomposition

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.

Pok(X2) := {a € Q"*(X2")| L**1w = 0}.
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Properties of compatible smooth structures on stratified symplectic.

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.

Pok(X2) := {a € Q"*(X2")| L**1w = 0}.

We have the following decomposition for k > 0

Q" K(X2") = Pn_i(X*") @ L(Pn_k—2(X*") & - --

QMH(X2N) = L(Pok (X*") & LT (Pri—2(X*") @ - -

Hong Van Lé Smooth structures on stratified symplectic spaces



THANK YOU!

H.V.LE, P. SOMBERG AND J. VANZURA, Smooth structures on
pseudomanifolds with isolated conical singularities,

arXiv:1006.5707.
H. V. LE P. SOMBERG AND J. VANZURA, Poisson smooth

structures on stratified symplectic spaces, arXiv:1011.0462.
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